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Translatort!s Note: 1In this article ch and sh in the

formulas correspond to cosh and sinh respectlvely.
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THE EFFECT OF TEMPERATURE STRESSES ON THE STABILITY
OF A SANDWICH WING PANEL

V. P. Karnozhitskiy

This study examlnes the stabllity of a sandwlch
wing panel compressed in one direction in the '
presence of different temperatures on the upper
and lower carryling layers. It 1s consldered that
the hypothesls of straight-line normals is valid
for the carrylng layers. The general relations
of the theory of elastlcity are used for the core
materials; however, 1t 1s assumed that the entire
compression load 1s recelved by the carrylng layers
and that the core material up to the moment of
bulging 1s free of stresses. The temperature
stresses and stralns in the core materlal are not
taken 1nto account in view of the small rigidity of
the latter.

1. Statement of the Problem

During high-speed flights, the outer carrylng layer of a sand-
wich wilng panel located between the ribs and spars wlll be heated.
Since the inner carrying layer will have a lower temperature, tempera-
ture stresses will arise in the panel. Therefore, 1t 1ls of 1interest
to elucidate how the temperature stresses acting in the panel will
affect the stablllity. As far as we know this article is the first

work devoted to this problem.
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Let us state the problem in the followlng manner: to find the
critical forces of a sandwlch panel with a compressed load uniformly
distributed along sides x = 0 and x = a (Fig. 1) if the temperature
of the lower (inner) carrying layer is t;, the temperature of the
upper (outer) carrying layer 1s ta > ty. The wing panel will be con-
sldered as a sandwlch plate wlth unique boundary conditions. When
we examine the temperature stresses to the right and left of the
panel supports (ribs‘and spars), the conditions are completely identi-

cal; therefore the panel can be consldered fastened on the supports.

It is known that during loss of stabllity such a panel behaves as

a freely resting plate.
Let us denote:
uy, Ey, 97, 4-the Polsson ratio, modulus of elasticity, coefficlent of
linear expanslon, and the thickness of the carrying layef,
w, E, G, 9, the Polsson ratio, modulus of elasticity, shear modulus,

and the thlckness of the core materlal.

2. Determination of Temperature Stresses in Carrylng Layers

We willl write the followlng known relations: for the lower
carrying layer-—

1
810 == ayl| + — (al.\' - P'/aly),
£

e1y=ast + é/ (31y — pso14), (2.1)

for the upper carrying layer—

1
ax =ayly -|- ?j (c2x — psoay),

1
Say ==ty |- ‘E; (325 — pyoue),

Ffo-rr—éﬁg{yﬂ;.




wheref”’cu’awn°ﬁvare the total strain and the temperature stresses
of the lower carrylng layer along axes ox and Oy,
e“f’“’ev»°u' are the total straln and tempera%ure stregses of the
| upprer carrying lay~r along axes ox and oy.
Since no forces are applied to the plate from without (we con-
sider only the effect of temperature), we can write that the total
of all forces acting in the plate sectlion by planes xoz and yoz equal

zeros
28a (o1y + 05y) == 0,
28 (015 4- 934) = 0.
S (2.2)

In the equilibrium equations (2.2) we will dilsregard the stresses
in the core material due to the small rigidity of the latter.

As was shown in my earlier study [1], a sandwich skin of a wing
for practlcal purposes, does not bend in the presence of temperature
stresses.* Therefore, we can write that the total strain of the
carrying layers 1s ldentical:

e e Sy (2.3)

Solving system of equations (2.1)-(2.3), we obtain the following

expressions for temperature stresses:

. - __ sk (t: —1y)
= (2

We willl designate respectively by Ty and Ty the ahsolute magni-

tude of the linear temperature forces in the carrylng layers. Then

* The same as a one-layer fastened plate with a linear distribu-

tion of temperature throughout the thickness does not bend.




LTy YR
A (2.5)

3, Stressed State of Carrylng lLayers

Let us separate from the upper carrylng layer the element with

sildes dx and dy (Fig. 2).
We willl introduce the designations:

Ni, Ny l1inear tension forces,

Ney, Nyw, Qxy Qv 11near sheari forces
e, My I1Tnear gendingngmomentsi

:Wx{, /Viyx twisting moments
% Txn Tz components of stresses actl on the carryl layer
" o from the side of the core mg%erial, yIng Y
» Us components of the dilsplacements on the surface of con-
" tact between the carrying layer and core material.

The equilibrium equations of the upper carrylng layer can be

written as:

Jw ’w & /0t 7}
Dy*p*w — Ny — — Ny — — o, — — (22 { Tz )
,Vv T ox Y oy % 2\ dx + oy =0 (3-1)
D 3 0 /0w 0w 1 0 s0u | ou pr 0 /0 du T
Ju g 2w | CwN,y 00 Ny Ll K Saz
0x“+20x(6,x“ |-ay=>+za_‘,<o)r+ox>_*fzoy o 0_v)+ =0 (3.2)

at z = =~ h,

O , ¥ d rdw | dw 18 /u | dv
T ( + >+20x 0_\r+0x)—

dy? 2 dy\dx? ' oy* (3.3)
—¥ 2("_”__0_“) e -
2 dx\ox dy + B o
where , o, ¢ £ £
Vi=——tyn D=—= o B= ———
0x? ~ dy 12(1—ed) 1—u3

The equilibrium equations of the lower carrylng layer are written

analogously:

1oty N a8 (0T 9\ g
Dy'viw —Ne 573 N’oy=+‘ 2 0x+ay)

(3.4)

at z = h,




Pu (l)’w ()’w

_____ gg_
dx? 2 dx \dx? 6_y7>+2 dy ay 6x>+

B0 f0v  bu T
55 O_y) 5 =0 (3.5)

at z = h,

Q"ﬁ__ 8 0 /6w du
' 24y dx’—P‘ay’>-{_ 2 ax Oy o ox)"_

ko iv._fi)_zz_;o, ' (3.6)

In our case
for the upper carrylng layer
Ney=—~P—T,, Ny= - T,, (3.7)

for the lower carrying layer

Nt=’_‘P+ Tx, Ny=Ty, (3.8)

where P ls the llnear force compressing the carrylng layer towards

) ox,

at z = — h

Substituting (3.7) and (3.8) into (3.1) and (3.4), we obtain:

Dyy'w +(P+ T 554 + ;';w, Ty O >_
@ dy
at ' z=bh
Dyvw+(P—19 20—, ”’w+ — s 05;’+"r”‘) 0.

L, Stressed State of Core Material

For any stressed state the components of stresses and strains

can be expressed by the Maxwell formulas:

_ P 0% 9%
dz‘+0v’ = dyoz’
o | ok i f
Qy = — —_— = —
R +0z’ ! R dxdz '’ ()-l- R 1)
=0 9 _—%
oy ax" id oxady
_ i 2 f—n—0), |
) )
20y = ~~(— —
» Lt -0,

4
20w = <= (—t—1+0),
...5_



where G 1s the shear modulus.
The blharmonic functions £, 1, { must satisfy the following ro-
lations [2]

vﬁ=v%=v%
R 9% | 0% | %
Q—pvt== + =+,
L e (4.3)
where p 1s the Polsson ratlo,
02 02 07
V=T

If one of the components of the elementary rotation equals zero:

wp L (90 _ 00N _
2 \dx dy/ ’ (4 4)
then
Hxe v, 2)=mn(x, y, 2). (4.5)

s

As A. P. Voronovich showed [3] the relation (44) for the core
material 1s valid in the case of unidirectional compression of a
freely resting sandwich plate. Let us assume the validity of (4.4)
in our case. We will set the functions €, { in the form:

$=7=/i(2)sin axsin By,

C=/f:(2)sina xsin By, (4.6)

where

m and n_are whole numbers.
The functions £ and { are biharmonic, therefore having satisfied
(4.3), we can write expressions (4.1) and (4.2) in the following

manner:
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2Gu=—acosaxsinp yF1(2), o;= —y'sina xsin ByFa(z),
2Gv=—@sinaxcosByF; 2), te,=-—aycosaxsin ByFi(2) (4.7)
2Gw= —ysinaxsin ByFa(2), tye = — Prsinax cos B yFy (2).
Fi(z)=cschyz4cishyz+ cs 12 ch vz 4 co 12 sh 12,
Fi(2)=(2c1 —c3)shyz 4 (2cs — cs)chyz 4oy (chyz 412z sh 12) 4
+ ce(shyz + 72 ch 12), )
F3(2) = cichyz+4-cashyz+-cs 12 ch vz 4 ¢4 2 sh 12,
Fi(2)=cishyz+cachyz+cs(chyz+y2shyz) +-
+-co(shyz-+7r2chyz), ‘ ' (4.8)

where )
7P =a? 4 B,

Ci, Cz, Css Cs, Cs, Cg are arbltrary constants satisfying equations:

c1— o 2(1 — p) =0, (4.9)
ca—ci4-2(1 —w)cs=0.

5.8imultaneous Deformatlon of the Carrylng Layers and Core Material.

Expression for the Criltical Force

In order to determine the arbitrary constants we wlill use equa-
tions (3.2), (3.3), (3.5), (3.6), and (3.9), substituting there the
expressions (4.7) when z = + h. After simple transformation these

equations* can be written as: ,
o 2G 3y ‘
(-—07’ -{——B— shyh-c; +‘r(ch 1h +TSh 1/1) i+

- [7211 shyh 4 (—- 0,581 4- Q—Z—) (shyh-4-vhch 1/1)]‘0. =0,
20 ey = wh o B
(—5T'+—E)Chﬂl c1 ('rsh 1h -4 > ch (h)m—i—

+ I: *hchyh 4 (— 0,58y2 4 g—g—) (chyh 4 vhsh Th)} ci=0,

[(0,58y2 4 2A;)shyh -.{— ychyh]er — Arshyh-ca— Aachyh-ci 4
o+ [ sh 74 4 (Ar 40,5 872) (sh 7/t 7k ch T)] cs 2 Az ch Thes +

* Two of which are the consequence of two others.




+ Az(chyh 4 thshyh) cs =0,
2Aashvh-ci — Asshth-ca+ Az (shvh+ 1h ch vh) cs 4
+[yshyh 4+ (2A: 4 0,58%) ch yA) ca— Ar chyh-co +

~+[(A1 40,5872 (ch YA 4 vh shyh) —i\: Y*hchyk]es =0, (5.1)

4 2
A1=DY' Pa

b

where

26

A= D+ T

2G

The system of homogeneous equations (5.1) and (4.9) ylelds values

of ¢1, Cz, Ca, Cs, Cs, Cg Which are nonzero if the determinant equals

zZero:s

(5.2)

1 lushyh + ]
(?_G_ ) ;4‘[7>X yehyh -+ . °G ap 0 0 0
B 3 + (“ — —‘> X
+ -2—sh th B 2
X shyh X (shy/t 4~ theh 7Iz)l
J ’/t ch yh -
o 0 0 ( QBQ - w*)x 1 th Th+ ’»1’
\  ch # + —2-ch~{IL
o % (ch 1h + 7h sh1h)
yehylh + 12 hs hyh +
— A, shh 87 24,chyh |—Axchyh Ay (chh +
Lgan g~ +(T+a)x |
\ 2 -+ vh sh 1h)
Xshih % shyh + vhchyh)
y1shyh + Yhchth +
. ]
2ashih | —Ayshyh A-:(:’l: g::n-) ( i ,, xi—Aichth | ( At %7) %
X ch 1h % (ch th 4 1h shih)
1 —1 2(1 —p) 0 0 0
0 0 0 I —1 2(1 — p)
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After a series of transformations, equation (5.2) can be written

in the form: : ; B .
(Pe=P)(Pa—P)=(Tut-Ty5 ),

(5.3)
(=way sh3qh + [(1 — 2u) 87 + ZQJ shyh ch yh +
p,=Drl 4 20r 2 18 +
= D10 4 200
al a? i(l_':Bp')_G._ sh3vh 4 (3 — 4p)sh th ch yh — 1k
1
2201 = wchigh—bhp 4 Zp s
- ' — —
4201 ' Sl E_. , o (5.%)
ot 20=0)G k4 (3 - ) shyhch th—1h
B .
1
2(1 — p)sh3vh 4 = (1 — p) d%2 ch® vh +
4, 261 2
Py = Dyt 4 -+

a? a? (1_!*)0 .

4
(3 —4p)sh yh chyh 4 = By ch?¢h + th . .

N\

2G T 2G
+, ’}1 (1 —2p)+ 7_2—‘_"81] th ch yh — 3 I+ bhy?

20 :
+57 1—wG T (5.5)
By

a?

4
(B —dp)shylchyh + ch?yh+ yh

P-linear critical force of one carrylng layer (half the linear
critical force of the entire sandwich layer) which hereafter we will
call the critical load,

P, and Pé—critical loads of symmetrilc and antisymmetric forms
of stabllity loss for a freely resting sandwlch plate compressed
in one directlon, which were obtained by A. P. Voronovich [3].

From (5.3) we obtain two values of the critical load:

P+ P (Po— Pg)? K
P = c';‘ ail/‘c4 a) +(7.J+ryi_;)

(5.6)
or,taking 1nto account (2.5)
P+ P, (Pe— Pg)? asEgb (b — ¢y) i _T ‘
Poyy=YetPa vy / Pe—P) | [effpplta—ty) ( 8 ,
* 2 V/ i *[ Tl GF) (5.7)

where o and B are found from the condition of the minimum* for P,

* It 1s necessary to understand that o and B can take on values
corresponding only to integral values of n and m.

~Q-




Of practical interest 1s the smaller critical value:

o PetPs 1) (Pe— PP B\ |
po= Letbe 1/ (P +(re+1n,5) (5.8)

6. Particular Cases. Analysis of the Formulas Derived

If the temperature of the carrying layers is ldentical (t; = tja)

we obtain from (5.7): P_—p, p.
-, + =P,

i.e., complete agreement with the results of A. P. Voronovich [3].
Since thé second term of the radicand in formula (5.8) is
always positive: -
PP (6.1)
l1.e., the presence of temperature stresses reduces the critical
forces of the plate. N

For real sandwlch panels used 1n aircraft construction, always

P, < Pc' Consequently,

(PP - By Pe—Py | B
1/ (1t a,). <fe= + et Ty (6.2)

Substituting (6.2) into (5.8), we obtain:
p_>'p,,-(r,,+ Ty £). (6.3)

If for an infinitely wide plate (b = =) we assume T‘y = 0,
formula (6.3) has the form: ,
p—>Pa— TX,
i.e., the critical stresses are reduced by a magnitude smaller

than the magnitude of the temperature stresses.*

* Physically this 1is explained by tensile temperature stresses in

the lower carrylng layer.

frw-rT-d/—43;4§2_ -10-




Fig. 1.
Qy
M
Ox M‘Jy \%y
0 X, u 7 R
3 Y | e —
Y, of *"’///—— Nox _;9/‘7;9—_—
& M 7 x/_a/ My" a a /Vx-ri/!-‘-dx
Wy Txz ; =
XE_ x o
— s S G
£ ax"%&dx
wyr 2ty =7 v Fon gy N
Y7 0y /\ ﬁ y Myy + L2 Ol
e G dy | M;;*'BSZ” oy
0,4- ayy dy
Flg. 2.

F7o *TT'//—'?J?/fJ. -10- (a)



Under these assumptions, we obtailn from (5.3):
(Pe—P) (P, — P)=T%.

Cox [4]* obtalned an analogous expression; he examined the
stabllity of a freely resting sandwich rod under the following load:
one carrying layer i1s compressed by linear forces P + Tx and the

other by forces P - Ty-
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